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Introduction 
On page Beam theory: Torsion, the stiffness and shear 
stress due to applied torsion is presented. These equations 
assume the cross section of the beam is free to warp, 
however, this is not always true, specifically in leaf spring 
design. 
 
Warping due to torsion 
Torsion would cause the cross section of the beam to rotate. 
For non-circular cross sections, the cross section would 
warp, see figure. E.g., the corners of a rectangle would move 
out of the cross-sectional plane. 
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Restrained warping 
When a cross section of a beam is constrained such that, the 
warping is restrained (e.g., leaf springs between stiff 
components), bending stresses will be introduced. 
Consequently, the torsion stiffness increases. Specifically 
for short and wide beams, the increase can be significant. 
 
Torsion stiffness with restrained warping 
The stiffness increase by restrained warp on both ends of 
the beam is given by: 
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where the dimensionless warping parameter is: 

𝜆 = 𝐿√
𝐺𝐽𝑇

𝐸𝐶𝑤

   

and 𝐽𝑇  denotes the torsion and 𝐶𝑤  the warping constant. A 
lower value of 𝜆 indicates a higher stiffness increase, see the 
graph which indicates the stiffness increase due to 
restrained warping. 

 
Stresses with restrained warping 
A beam with applied torsion will result in shear stresses. The 
maximum shear stress in the beam is given by: 
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Unlike beams with warping, the beams with restrained 
warping will also be submitted to bending stresses to 
counteract the warping. An estimation of the bending 
stresses is given by: 

𝜎𝑏,𝑚𝑎𝑥 =
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The maximum shear stress and maximum bending stress is 
not at the same place in the leaf spring. Thus, the maximum 
Von Mises stress can be roughly estimated with: 

𝜎𝑀,𝑚𝑎𝑥 = max{√3𝜏𝑚𝑎𝑥  ;  𝜎1,𝑚𝑎𝑥} 

where  

𝜎1,𝑚𝑎𝑥 = 𝜎𝑏,𝑚𝑎𝑥√1 − 2𝜈 + 𝜈2 

 
 

Leaf spring Warping One end restrained warping Both ends restrained warping 
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Torsion and warping constants 
for a rectangular cross section 
(𝑤 > ℎ) 
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Maximum shear stress 𝜏𝑚𝑎𝑥 =
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Bending stress - 𝜎𝑏,𝑚𝑎𝑥 =
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Von Mises stress (estimate) √3𝜏𝑚𝑎𝑥   max{√3𝜏𝑚𝑎𝑥 ;  𝜎𝑏,𝑚𝑎𝑥√1 − 2𝜈 + 𝜈2 ≈  0.7𝜎𝑏,𝑚𝑎𝑥
∗} 

* For most metals: 𝜈 = 0.3 
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